ABSTRACT U(2) lattice gauge theory with θ-term in 2 space-time dimensions is investigated. It has non-Abelian real action and Abelian( U(1) type) imaginary action.
§1. Introduction
Much progress has been made in the lattice gauge theory approach in these twenty years. The systems studied, however, are limited mostly to those without topological term( =θ-term). This is due mainly to the difficulty to treat θ-term in numerical calculations in Euclidean space-time. Numerical calculations are performed with the use of probability weight defined by Euclidean action. When the system is limited to those without θ-term, the probability weight is given by positive quantity. But when θ-term is added to the Euclidean action, we obtain complex weight due to the nature that θ-term is a pure imaginary quantity in Euclidean space-time. The θ-term, however, is expected to lead to physically interesting effects.
In 4 space-time dimensions, θ-term leads to strong CP violation which is severely suppressed in real world, although it is not excluded from theoretical frame work. The system with θ-term leads to oblique confinement or rich phase structures [1] [2] [3] .
In 3 space-time dimensions, it is called Chern-Simons term and is related to new physical effect, e.g., fractional statistics. In compact U(1) gauge theory, the system is in the confinement phase, as discussed by Polyakov due to the monopole excitation. There is a conjecture that the system undergoes a phase transition [4] .
The system is in "deconfined phase" when θ-term is included since existence of θ-term has the effect to wash out magnetic monopoles and then the system cannot be in confined phase in arbitrary nonzero θ.
In two space-time dimensions, the compact U(1) system is in the confinement phase. The existence of θ-term however, leads to deconfinement phase transition when θ = π [5] [6] [7] .
The system with CP N−1 symmetry in 2 space-time dimensions has much similarity to 4 dimensional gauge systems( asymptotic freedom, confinement, topological excitations etc.) The study of CP N−1 with θ-term is quite interesting.
Especially how θ-term affects the phase structures will be quite important. In the previous paper we numerically studied CP 1 model with θ-term in two dimensions, where we obtained θ-dependence of the partition function through the measurements of topological charge( Q) distributionP (Q) [8] . The fourier transform of this distribution gives us the partition function Z(θ) [9] . We saw first order phase transition in strong real coupling regions and weaker transition in weak coupling regions (but we could not conclude that it belongs to 2nd order phase transition).
Schierholz has pointed out that CP N−1 (N = 4) model in 2 dimensions undergoes first order transition at some values of θ, depending on the real coupling . In strong (real) coupling, θ c is given by π and θ c deviates from π at those β greater than some value. He conjectured that θ c goes to zero at weak coupling limit ( a → 0). According to him, the continuum limit value of θ would be zero and this would be the dynamical explanation for the smallness of physical θ[10] [11] .
The study of CP N−1 system or gauge systems with θ-term will be quite important to understand really the reason of vanishingly small value of θ in four dimensional QCD. There will be various approach to study the system with θ-term.
One of them is numerical simulation, where the difficulty of complex Euclidean action and thus complex Boltzmann weight is overcome by first obtaining topological charge(Q) distribution P (Q) and then by calculating Z(θ) = Σ Q P (Q)e iθQ/2π [12] .
Another method to study the phase structure is to apply real space renormalization group method to the system[13] [14] [15] [16] . In this approach, the information of the phase structure is obtained through the analysis of renormalization group flow of various couplings(β, θ etc.) [17] .
In this paper we apply real space renormalization group method to 2 dimensional U(2) lattice gauge theory [18] . The reason to choose U(2) symmetry is that we are interested in the system with both non Abelian( SU(N)) and Abelian( U(1)) part. In order to have nontrivial θ-term we have to study the gauge group with Abelian part, because standard imaginary action Trε µν F µν becomes nontrivial when gauge group has U(1) part. The symmetry SU(N), without U(1) part, on the other hand leads to trivial θ-term, since Trε µν F µν is zero. So we have chosen U(N) symmetry. The group U(2) is the simplest among U(N)(N ≥ 2)'s. In U(2) gauge symmetry, we will pay attention to the interplay between Abelian and non-Abelian SU(2) effects. To see nontrivial effect, we choose the real coupling term as the fundamental representation β l 1 l 2 = β 11 (l 1 and l 2 are U(1) and SU (2) part of U(2) symmetry, respectively and l 1 = 1 and l 2 = 1 means that the action belongs to fundamental representation of both U(1) and SU(2) part).
In the choice of θ-term action, there are two possibilities according to possible U(N) gauge invariants; detU and TrU , where U is an element of U(N) group belonging to fundamental representation. One is "standard θ-action" which is defined In this way, bare actions we consider in this paper are given by (i) real action which has both U(1) and SU(2) part of U (2) group (ii) imaginary action which has only U(1) part.
We specify the irreducible representation(IR) of U(2) by two integers l 1 and l 2 corresponding to U(1) and SU (2) In these actions, γ l 1 l 2 with l 2 = 0 are zero.
Although bare imaginary action is given as the function of U (1) In this paper we consider a gauge group, in 2 space-time dimensions, which has both non-Abelian part and θ-term( U(1) part). As the simplest of such group, U(2) group is adopted and interplay between Abelian and non-Abelian part will be investigated.
We denote the element of fundamental representation of U(2) group as U and
where T is a unitary matrix diagonalizing U to Λ like
Characters TrU of general irreducible representations of U(2) group are given by
where determinant is defined as
Integers λ 1 and λ 2 denote the length of the first and the second row of Young tableau(see ref.
Drouffe et al. [19] ). Note that λ 1 and λ 2 are allowed to take both positive and negative values. Only constraint is λ 1 ≥ λ 2 . Dimension of IR is
.
We will introduce another notation referring to U(1) and SU(2) part;
where l 1 (l 2 ) and x(y) denotes the U(1)( SU(2)) part. As is evident from this definition, l 1 and l 2 are not completely independent but they obey constraints
Explicit form of the character is
Two integers l 1 and l 2 denote 2q( q is "U(1) charge") and 2I(I denotes the mag-
Invariant measure is given by [20] 
where ∆ * is the complex conjugate of ∆.
Fundamental representation is defined as a single box in the Young tableau,
Partition function Z is defined as an integral
at scale L. The integrand F is given by
where u denotes an element of U (2) group. This integrand F will be expanded by irreducible characters as,
Real and imaginary part of action s(u) and v(u), respectively, are also expanded into a series as
where
Using the orthonormality of the characters, RG transformation is defined [13] .
Change of scale L to λL leads to
After t steps of RG transformation,
The long distance behavior is determined by this equation at t →large.
The change of coupling constants with scale transformation is determined by the character expansion of F (λL, u) as
where left hand side is given by eq.(2.16). Equations (2.16) and (2.18) define the change
and successive transformations give us the renormalization flow of coupling constants.
The real part of bare action is chosen as Wilson action with β
for all of other representations. For the imaginary part of the bare action, we can consider two possibilities;(1) "standard" imaginary action defined by
and (2) "Wilson" imaginary action defined by
Both of these approach iαx in the naive continuum limit.
In this paper standard imaginary action will be investigated. Due to the character expansion,
Namely, the character expansion coefficient γ l0 of "x" is
In the character expansion, we should be careful with the treatment of x = φ 1 +φ 2 and y = φ 1 −φ 2 , because originally, φ 1 and φ 2 range over from −π to π. We present an example of integration over Haar measure.
Two typical examples are presented below.
When F (x, y) = e iαx , i.e., pure imaginary action, l 1 is limited to even integer since l 2 is zero.f
(1)
which gives
(2.29)
And finally we obtaiñ
This is just the same form as the one obtained in U(1) gauge theory with pure θ-term.
where A l (α) is defined in the above example 1. We havẽ
This coincides with the result (I). §3. Results
We adopt fundamental representation as the bare real action, i.e., Wilson action and "standard θ-term action" as the bare imaginary action.
where β denotes β 11 since
This bare action contains both U(1) and SU(2) part in the real action and only U(1) part in the imaginary action. Although SU(2) part is not contained in the imaginary action at bare level, renormalization transformation leads to SU(2) part also in the imaginary action as a consequence of interference between real and imaginary action. §3.1 α = 0( θ = 0) case(pure real action)
When α = 0(θ = 0) we have simple form of character expansion coefficients,
where Fig. 1 and Fig. 2 ). They approach so called heat kernel [21] . In the weak coupling limit (β → ∞), modified Bessel function is given by
and we have in the case of U(2) gauge group, with the use of (3.5),
Namely,
with ν = 0, 1.
In this way the character expansion coefficient is written as f h.k.
In strong coupling region, heat kernel (3.9) gives the relation between coupling constants. For example we have
(3.13)
at β << 1. In Fig. 1 and Fig. 2 , coupling constant relation obtained by heat kernel (3.9) is shown. The actual trajectory in strong coupling region is quite close to (3.13).
After t steps of renormalization transformation
Namely, coupling constant β in heat kernel is transformed, after t steps of renormalization transformation, to simply β/λ 2t , (at each transformation β is divided by λ 2 ), i.e., the functional form is not changed but only the value of β is changed. §3.2 α = 0( θ = 0) case(imaginary action)
We introduce standard θ-term action as the bare action. In this case bare imaginary coupling constants are In the following, some characteristics of the RG flow will be discussed in detail.
1) (β 11 , β 22 ) flow; The flow projected onto (β 11 , β 22 ) plane depends on bare θ, but flows starting from different β converge to a unique trajectory independently of bare parameters. As θ approaches π, trajectory is much affected by the fixed point θ = π. The trajectory, however, does not stay at finite (β 11 , β 22 ), but finally approaches the strong coupling limit (0, 0) at large t(= RG transformation step) . It shows that the charge of fundamental representation of U (2) group is in the confinement phase even at θ = π. Main reason is that SU(2) part of U (2) plays important role for the charge of fundamental representation. We have from eq.(II) in section 2, f 00 (α) =f 20 (α) (3.17) when α = 1 2 (θ = π). The other coefficients are smaller than these two.
and RG transformation leads to the result that large distance behavior is dominated byf 00 =f 20 for α = 1/2.
F ∼f
at t → ∞ and λ > 1. This gives
(3.20)
Renormalized θ-term action is exactly given by 3) (Imγ 11 , β 11 ) flow; Originally γ 11 = 0, i.e., the coupling with nontrivial SU (2) part was absent in the bare action. The coupling γ 11 is induced as RG effect for nonzero θ's(0 < θ < π), while γ 11 is zero for θ = 0. Only small |γ 4) string tension; The string tension is defined by
The string tension with nontrivial SU (2) This again shows that (2, 0) charge is deconfined at θ = π but (1, 1) is not even at θ = π. In the latter case, SU(2) part drives the system always to the confinement phase.
Free energy is also shown. Free energy is
It is nearly proportional to θ 2 . Migdal Renormalization Group method is applied to U(2) gauge theory with θ-term in two space-time dimensions. This system is described by two group variables x and y, corresponding to U(1) part and diagonal SU(2) part of U (2) group respectively.
For each θ-parameter, various bare real couplings lead to a unique trajectory, heat kernel. The trajectory differs, however, depending on bare θ b 's.
Bare action is chosen in this paper such that 1) real part of the action is given by Wilson action corresponding to the fundamental representation, i.e., the bare coupling is given by β b 11 , and all the others are set to be zero.
2) imaginary( θ-term) action is given by "standard θ-term action", v(x) = αx which contains only U(1) variable x and
Staring from this bare action, imaginary couplings with non trivial SU (2) representations are induced as a result of RG transformations, i.e., due to the interference between β 11 and γ l 1 0 's.
The imaginary couplings with nontrivial SU(2) part( l 2 = 0) , however go to zero finally after many steps of RG transformation, which will be related to the fact that the real couplings with nontrivial SU(2) part finally go to zero infrared fixed point for any θ-parameter even for π. (ii) Even for θ b → π, β l 1 l 2 (l 2 = 0) goes to strong coupling limit(β l 1 l 2 → 0 ). We also saw that σ 11 does not go to zero but to a finite value. It means IR(1, 1) does not undergo deconfinement phase transition due to the influence of SU(2) part.
As the future problems, In region I, absolute values of them increase but they move to infrared fixed point finally. 
